Introduction
Let C and D be matrices of dimensions kxm. Let v(t) it r i k continuous function for te [^o'^IJ =s T » values in-R . We will be dealing with the problem cf existence of a solution of the following system of differential inequalities? (1) Cx(t) + Dx(t) ^v(t), (2) x(0) = χ, for t ε T.
In this paper we show that under some natural conditions, system (l}-(2) admits a solution» The proof will be based on some recently obtained results for differential inclusions.
The purpose of this paper is to obtain the following theorem.
Theorem. If the rows of matrix C are non-negative and nonzero (see Application), then there exists a function x(t) absolutely continuous on the time interval Τ such, that (1) is satisfied almost everywhere on this interval and (2) holds.
The proof of this theorem consists of several lemmas, which we shall be dealing with in the sequel. Por a given multimapping H : Β 1 * E m -• P(E m ) we consider the relation:
X e H(t,x), x(0) = χ.
An absolutely continuous function x(t) is said to be a solution of (3) on the time interval Τ if the condition x(t) ε H{t,x(t)) holds almost everywhere on this interval· We consider a function Η given in the form:
where the function v(t), t e Τ is given. Let us remark that a function x(t) which is defined on the time interval Τ is a solution of the differential ineoualiv es (1) -(2) if and only if it satisfies (3) with the function H(t,x) defined by (4). Now we reformulate the inequalities (1) in terms of so oalled differential inclusions.
In connection with the above, the problem of existenoe of any solution of differential inequalities (1) -(2) can be reduced to the problem of exietenoe of a solution of the differential inclusion (3)« where H(t,x) is a function defined by (4). Lemma 1. If the rows r^C) of the matrix C are non-negative and nonzero, then the set H(t,x) is nonempty and closed for all χ e 5 m and tel·
Pro of.
From the assumption of the lemma, the set H(t,x) is a common part of k closed half-ep&oes defined by the inequalities:
where i » 1,2,...,k and (a,b) denotes the scalar product of vectors a and b.
Because each vector r^(C) is non-negative and nonzero, the intersection of these half-spaces is non-empty for each Ti» i = 1,« · ·, k.
Let be the smallest positive number such that the vector -λ^ (1,1,...,1) belongs to the half-space defined by inequality (i). Then 1,1...,1) e H(t,x), where
It follows that for each t e Τ and for eaoh χ e B m H(t,x) is a nonempty set, independent of the value of the function v(t). This completes the proof of Lemma 1·
Let us observe that if one of the rows of the matrix C, for example r^C), is zero for some i, then the condition (r^C), determines a nonempty set (the whole space E m ) only if 0, So, in the oase where some rows of matrix C are zero, H(t,x) is nonempty with additional limitations of χ and v(t). We observe that H(t,x) is an unbounded set. Thus to show the existence of a solution of the problem (3) we may apply the theorem on the existence of solutions for differential inclusions, when the right side is unbounded.
The following theorem is included in the work of J.Himmelberg and F.S. Van Vleok [l] .
The o r e m (Himmelberg, Van Vleok). Let a multimapping H : Τ * E m -*• P(B m ) be suoh that» a) H(t,x) is a closed set for each (t,x) eT xS m ; b) H(.,x) is measurable for eaoh χ e 5°; o) there exists a function ψ integrable on the time interval T, suoh that h (H(t,x), H(t,y) ) < <*>(t)||x-y || for each X. 7· t* i) there exists an absolutely continuous function w:T χ E m such that: eup{d(w(t), H(t,w(t)) )| t ε τ} < oo .
Then the problem (3) has a solution on the time interval Τ (is the sense of absolutely continuous functions).
We shall prove the assumptions of this theorem are satisfied by the fonction defined by (4).
Ve know that H(t,x) is a closed and nonempty subset E m .
So the condition a) of the Himmelberg and Tan Vleck's theorem is satisfied. Now we shall prove that H(.,x) is a measurable function for each χ e E m in the sense of the following definition: Let γ= inf{y(t) : t e τ), γ -sup {^(t):teT}. There exists t e Τ and tel such that a*(t) = y and ar(t) = f» If H(t) η Ζ » 0, then t(Z) = 0. If H(t) nZ / 0, then t(Z) « T. If H(t) nZ = 0 and H(t) η Ζ / ft, then there exists a number ar a such that t(Z) = {t e T t y(*) > 2Γ Ζ } · From Lemma 2 it follows that assumption b) Is satisfied because the intersection of measurable sets is also a measurable set·
Lemma
3.
There exists a constant δ such that h(H( t ,x), H(t,y))$ δ ||x-y I for all χ and y.
The distance ε^ between the following parallel hyperplanes (r^C),«) » ^(t.x) and r^C), ζ = 3Τ±(t), bounding respectively the sets H(t,x) and H(t,y) is equal to:
.. * ||r*(C)|| " fll^l. The question whether there exists a non-negative solution of this problem when v(t) is not constant has not been solved so far.
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